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Abstract

The disc-rotor induction motors come in a variety of structures such as double-sided
stator, single-sided stator with iron backing rotor, and single-sided stator without iron
backing rotor. This paper presents the field analysis of the disc-rotor induction motor
using two-dimension analysis of magnetic field. The computational treatments are
based on the solution of field equations written down in cylindrical coordinates. This
analysis is carried out using the vector potential, which is shown to be readily
adaptable to the evaluation of the air-gap impedance for different disc motor
constructions. The magnetic vector potential enables the effect of physical air-gap and
finite permeability and conductivity of a number of machine regions to be taken into
account. Using this new technique, the complex expression of the impedance can be
rearranged to predict the individual equivalent circuit parameters.

List of Symbols:

Aq = stator electric loading Ri,R, = inner and outer rotor radius,
Ap,ar = unit vectors, R.R; = stator and rotor resistance
a = wave length ratio, ] = slip,

B,B, = flux density components, te = rotor thickness,

E = electric field intensity, t = time,

f = frequency, A" = magnetic vector potential,
g = air-gap length, Xm = magnetizing reactance

H = magnetic field intensity, X, X; = stator and rotor reactances
Je = rotor current density, v = linear velocity,

p = number of pole pairs, 7,01 = coordinates,

p.q,k = complex constants, c = disc-rotor conductivity ,
13,1 = inner and outer stator radius, ® = angular frequency.

Z, = air-gap impedance v = motor relative speed

1. Introduction

A disc motor with an axial air-gap and a flat homogeneous rotor shows some
performance characteristics, which are superior to conventional motor. One of the
principal features of this motor is the small inertia that makes it a suitable choice for
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servo and high-speed applications[1]. The disc-rotor induction machine promises high
utilization of the active materials and thus favorable power density [2]. The simplicity
in establishing the current distribution in the disc-rotor by means of induction from
the excited stator provides robust and cheep construction. The excitation system,
which transfers power to the secondary disc, consists of polyphase windings inserted
into radially directed slots[4].

S.E Abdollahi, M. Mirsalim, M. Mirzayee and A. Vahedi [1,3] derived a
mathematical model for disc-rotor induction motor, that analysis includes numerical
and analytical methods using Maple software. A.B.Kotp suggested an interesting
method for control of two-phase disc-rotor induction motor [2]. Here, a method for
motor parameters prediction is presented. Generally, electrical machine designers
prefer to use mathematical models that respond in terms of the physical phenomena of
the machine. This enables the designer to envision what is going on inside a machine,
giving him guidance on how to vary the machine dimensions and winding types in
order to achieve the required performance. The analytical approach described herein,
leads to a mathematical model, which is also a practical design tool.

In this paper, three disc motor constructions are proposed and their models are
considered taking into account the rotor thickness also can be considerably simplified
by assuming thin rotor with finite surface conductivity. The construction and basic
elements of a disc-rotor induction motor are shown schematically in Fig.1. The air-
gap impedances and the equivalent circuit parameters of the disc motors are
determined by analysis, which provides a comprehensive technique for design and for
assessment of performance.

The field analysis is carried out using Maxwell's equations in cylindrical coordinates
[5] are derived and solved for the three regions of the model. The magnetic field is
assumed to remain constant along the mechanical air-gap between the two stators,
while the current density in the disc rotor is allowed to have radial and tangential
components. The field distribution and rotor current density are given for different
design parameters of the disc rotor induction motor.

rotor
stator g / stator

alllla ’\

shaft

U ¢ L_l' :winding
Fig. 1 Disc-rotor induction motor construction.

Deferent constructions of disc motor are shown in Fig. 2, where (a) is a double-sided

stator model, (b) is single sided stator with iron backing rotor model, and (c) is a

single sided stator without iron backing rotor model.
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Fig. 2 Disc motor models for three different design data,
(a) Two stator model, (b) One stator with iron backing rotor,
(c) One stator without iron backing rotor.

2. Mathematical Model

It is evident that the knowledge of the exciting stator electric loading is necessary
for the electromagnetic field calculations. The stator electric loading As (A/m) should
be expressed in a form suitable for the solution of the field equations [2]. The slotted
stator is replaced by a smooth iron core carrying a continuous current sheet
representing the stator electric loading [6]. In general the excitation system which
produces the rotating magnetic field consists of one-or two-phase windings embedded
in radially directed slots.

The computation coordinates are depicted in Fig.3, and the following assumptions are
made for modeling:
1) The axial component B. and tangential component B, of the flux densities, are
considered.
2) The variation of field intensity and currents along the z-axis are zero.
3) The relative permeability of stator ferromagnetic parts is considered to be infinity
The sum of the two stator electric loadings can be expressed in complex form as:

A (p1) = Reld (@1~ po)| (1

The magnetic field analysis in cylindrical coordinates is performed starting with the
Maxwell's field equations and based on the three- regions model shown in Fig. 3. The
three regions of the model are defined as follows:

region 1: lower air-gap 0<z < g, , region 2: disc-rotor g;< z < g +t. , region 3: upper
air-gap g1+t < z < g+t
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Z-axis

r-axis

Fig. 3 Model of the disc-rotor induction motor.

With respect to the stationary cylindrical coordinates fixed to the stator, Maxwell’s
field equations for a rotating medium are given by: -

CurlH=J, 2)
- 0B
Curl E= 8_+ Curl(vxB) 3)
t

Where the linear speed v of the conducting disc-rotor is taken along the ¢ direction.
The magnetic vector potential V is defined by:

B=Curl V 4)

Neglecting the end effects in both stator and rotor, the vector potential will have only
a radial r-component as:

V="V.a, (5)

The magnetic vector potential must be similar to the exciting stator electric loading
i.e. it is to be represented in the form[2]:

v (t,p,2) = i)%e{Vr (2).eJ(@ = PP)| (6)

Thus, we obtain the differential equations describing the vector potential in the
different regions of the model:

0%,

Sy, - )

oV

i, - ®
2

oy, =0 ©
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Where

a= 2p , k=ya’ - joou,s (10)

R +R,

The solutions of the above differential equations for the different regions of the

model are:

V,=pe +q.e" (11)
V= pe+qpe” (12)
Viy=pse” +qe” (13)

The unknown integration constants p and ¢ are to be evaluated by applying the
following boundary conditions :

1) Across each integration boundary, the @-component of the magnetic field intensity
H, is continuous. Introducing the exciting stator electric loading at the air-gap stator
boundary can modify this condition:

_ Loy,
U Oz
and we have, at the boundary between regions n and n + 1

H

4

(14)

L aI/rn _ 1 anH (15)

/un aZ - /Lln+l aZ

At lower air-gap boundary, introducing the exciting stator electric loading modifies
the condition:

1 v,

— 4 16
M, Oz (1

s

z=0
Since u tends to infinity. By applying Eq.(13) at the upper air-gap boundary yields:

L aVr}

=0 17
M, 0Oz (47

z=2g+t,

The same condition is to be applied at the lower air-gap and upper air-gap boundaries
yielding:

LaVrl _LaVrZ (18)
M, Oz e M 0z e

LaVrZ _LaVrfi (19)
'Ll" aZ z=g+t, 'Ll" aZ z=g+t
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2) Across each integration boundary, the z-component of the flux density B, is
continuous, which implies the continuity of the vector potential.
The flux density is given by :

oV,

B =—— (20)
Which implies the continuity of the vector potential, so that
Var =Vor 1)
At the lower air-gap boundary the condition becomes:
Vil =Vl (22)
By applying the condition at the upper air-gap boundary:

g =Vl (23)

These condition are sufficiently to determine completely the integration constants p
and ¢, and hence the vector potential for all regions and flux density distribution and
rotor current density can be obtained.

Application of the above boundary conditions to the separating surfaces at:
z=0,z2=g,z= gt and z = g+t +g ,g;=g>=g and Eqgs.(11)- (23) gives a set of
simultaneous equations.

The solution of these equations gives the six integration constants p and ¢ for the

three regions of the model.

Substituting of the resulting values of p and ¢ into equation (11)-(13) gives the vector
potential for the three regions, and hence the flux density of the deferent machine
regions as following:

B, =ja(pe” —qe™) 24)
B, =a(p.e” +q.e") (25)
B, = ja(p,e" —q,e™) (26)
B, = a(pz.ekz + qz.esz) (27)
B.; = ja(pye® —q5.e™) (28)
B, =a(p;e” +q,e“ (29)

The air-gap flux density components are normalized by its no-load value B, hence:

_ M4
" oa(2g+t,)
According to the model the disc-rotor current density flows in the radial direction
only, and its complex amplitude is then:

(30)
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J, = jwos(p,e” +q,e") (31)

The rotor current density components are normalized by the theoretical quantity J,.
J, =— (32)

Now the distribution of the air-gap flux density and disc-rotor current density can be
easily calculated, and plotted through the different machine regions for the three
models. These calculations are carried out using the machine design data.
In Fig.4 (a,b) the normalized axial B, and tangential B,, flux density components are
plotted against the axial air-gap length of the machine at constant speed for the three
models.

It is clear from Fig (4a), that the axial flux components are constant allover the
definition regions (0<z < gy, g1 <z < gitt,, g +t. < z < gitt+g). The model (b), in
which the motor has one stator with iron backing rotor, the axial flux density has the
largest value than the models (a) and (c). This attributed to the shortest air-gap length.
The model (c) has infinite air-gap length, therefore the magnetic field intensity is low,
and hence the axial flux has low value because it is direct proportional to magnetic
field intensity.

Fig.4 (b) shows the air-gap tangential flux density components for the three models at
constant speed. The values of tangential flux density are decreased over all the air-gap
bounders. The tangential component reduced to zero at end of the air-gap length and
this is due to the infinite permeability of the second stator (model a) or iron backing
model (b). For model (c¢), the tangential component reduced to zero at infinity. The
axial distribution of the tangential air-gap flux density is consistent with the boundary
condition between the tangential field components at both sides of disc- rotor
induction motor.

The effect of the rotor speed on the axial and tangential flux distribution of the air-gap
flux density components for model (a) can be shown in Fig. (5) and Fig (6)
respectively, in Fig. (5) the axial flux component is direct proportional to the speed
and has a constant value over all the air-gap bounders. In Fig. (6), the tangential flux
component decreases with increasing of the speed before the middle of the rotor disc,
but the situation is reversed after the middle of the rotor disc and reached to zero.

Fig. (7) shows the predicted values of the rotor current density distribution normalized
by theoretical quantity of the rotor current density J, for varies motor construction
models at constant speed. The rotor current density is consistent with the disc rotor
boundary, and has a higher value for the model (b). Fig. (8) shows that the effect of
the rotor speed on rotor current density. It has the largest value at standstill, with
speed increasing the rotor current density decreases and this due to the rotor slip.

It is clear from Figs.(7,8), that the skin effect in disc-rotor conducting sheet does not
noticeably influence the rotor current density which is constant along the disc
boundary.
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Fig. 4. Distribution of the normalized air-gap flux density for the three model (a,b,c)
at constant speed

(a) Axial component

(b) Tangential component
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Fig. 5. Distribution of the normalized axial air-gap flux density component
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Fig. 7. Normalized rotor current density for the three models (a,b,c) at constant speed

Jdrida

0s

0.5

0.7

0B

0.5

0.4

03

0z

0.1

< =
i S=05 i
5=01
1 1 1
0s 1 15 2 25 3
w107

Fig. 8. Normalized rotor current density for the model (a)

at different slips



Proceedings of the 5™ ICEENG Conference, 16-18 May, 2006 |EP-12-" |

3. Air-Gap Impedance Equation

A simple solution for the disc motor was obtained by integrating the differential
equation of a disc-rotor induction motor [1] after it has been adapted to the modified
boundary conditions. An adequate representation of the disc motor, which involves
only the two air-gap regions, neglecting the disc-rotor thickness is shown in Fig. 3.
The vector potential expressions are considerably simplified by assuming rotor
surface conductivity 6 = c.t. . As the skin effect in the disc rotor have no effect on the
rotor current density, so can be ignored. The surface conductivity ¢ is the measure for
the motor performance. The solution of the magnetic vector potential equations, in the
two air-gap regions becomes:

V,=pe“+q.e“,V,=pe“+qg,e” (33b,c)

Flux density components B, and B. in the two-regions and the disc-rotor electric
loading can be obtained from the relations:

B, = jaV,, (34)
The unknown integrations constants p and g are to be determined by boundary

conditions of the problem. At the first air-gap-stator boundary (z = 0), the continuity
of H,, is applied, yielding:

P~ 4 =—%A (35)

s

Where A is the stator- electric loading. At z = g, the continuity condition of the
normal flux density is applied yielding:

pie” —qe ™ =p,e” +q,e ™ (36)
With g = g,+¢/2 where g, is the mechanical air-gap length and t. is the disc-rotor

thickness. The disc-rotor electric loading can be expressed in terms of magnetic field
intensity to give:

pi(1+c)e” —q,(1-c)e™™ = p,e® +q,e™™ (37
with ¢ = j“’"‘;’ Gl (38)

at z= 2g, the continuity of Hg is applied yielding :
p,e —q,e”* =0 (39)

The solution of equations (36-40) simultaneously, gives the four integration constants,
corresponding to the two regions of the model as:

A [c.e"‘”g +ce -2t ]

a |_2.c.e’2”g +ce e Qe Loy 2J

D (40)

AR
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g = M A [c.e’z"g +c+ 2] (41)
1 a l2.c.e‘2"g +ce ™ -2 tc+ 2J
M, A, 27
=22 42
& a [2.c.e‘2"g +ce ™ -2 vc+ 2J (42)
M A, 2
— 0 S 43
P a [2.c.e’2”g tce -2 1o+ 2J *3)
Finally, substitution of the resulting values of p and ¢ into (33 and 34), gives the
expression of the normal flux density component as:
_ 2cosh2ag + csinh 2a
Bz=0 = .]Il'lOAs g g (44)

2sinh 2ag + ¢(1 + cosh 2ag)

Once the normal component of the air-gap flux density at the stator surface has been
determined, the magnetization voltage induced in each phase is then:

2cosh2ag +  sinh 2ag
E, =D 2 1, (45)
2sinh 2ag + % (1+ cosh2ag)

where

_ sta)lu() (WSKW)Z(RO - Rl)
= o

K, is the winding factor, W is the number of turns per phase, and /; is the r.m.s. value
of the stator current. In terms of the air-gap impedance Z, the stator emf is:

D (46)

Em = Zg- [s (47)

With Z, represents the combination of the magnetization reactance and the equivalent
rotor impedance.

Hence, the air-gap impedance expression with respect to the first model of Fig. 2a is
then:

2cosh2ag + sinh 2ag
Z. =D 2 (48)
2sinh2ag + %(1 + cosh2ag)

The air-gap impedances of the two other models can be obtained from Eq. (48) with
the following assumptions:

1-The motor corresponding to model 2 b, has a single sided stator with an iron
backing rotor, the outer air-gap length is zero while 2g is replaced by g'=g,+t., the air-
gap impedance is then :

coshag +c.sinhag

Z.,=jD (49)

b : : :
¢ sinhag +c.coshag

'Y
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2- the motor of model 2c, has a single-sided stator with non-ferromagnetic disc-rotor,

the field in the outer air-gap region is modified, while the inner air-gap length is still

g’, the air-gap impedance is then:

e +§.sinhag'

Z, =JjD — ‘ (50)
¢+ 5 coshag

e

4. Separation of Individual Parameters

The individual equivalent circuit parameters may be defined in different ways
depending on the form used in writing the air-gap impedance [2]. The equivalent
circuit of an induction motor is proposed here to represent the magnetization
reactance X,, in parallel with the disc rotor impedance (resistance R, and leakage
reactance X,). Therefore. Z, can be written as:

R, + jsX,
R +js(X,,+X,)

C2))

Z,=JX,

Both numerator and denominator of Eq. (48) are extended by the same factor 2D/c,
with a real constant c, = ¢/js. The resulting impedance equation is arranged in a form
suitable for comparison with that given from the equivalent circuit.

The individual parameters of the disc-rotor equivalent circuit, corresponding to the
model of Fig. la are :

sinh” 2ag
" 1+ cosh2ag ’

sinh 4ag
“ ¢, (1+cosh2ag)

X, =D.coth2ag, X, =X R, =X

ra m

(52a,b,c)

Following the same procedure used in separating the equivalent circuit parameters of
the first disc motor model 2a, the other two models 2b and 2c¢ can be obtained
similarly as:

sinhag’.coshag’

X,, =D.coth2ag’, X, = X,,.sinh’2ag" , R, = X,, (53a,b,c)
c()
and
2ag’ -1 2ag’
ch = D > ch = ch ¢ > ch = ch © . N (54aﬂbac)
2 ¢, (coshag'—sinhag")

The two-phase disc-rotor induction motor can be represent by I'-type equivalent
circuit of unbalanced two-phase motor [5].

VY
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(55)

Since the actual disc-rotor is replaced in the used models by an infinitely thin current
sheet, then the equivalent circuit parameters are independent on the speed. As shown
from Fig.(7,8), the rotor current density is constant along the disc boundary, this
attributed to the skin effect in disc-rotor conducting sheet does not noticeably
influence the rotor current density, so it have no effect on the rotor equivalent

resistance .

their design data, are computed and tabulated for comparison in table 1.

Some of the specific data pertained to the disc motor described in this paper are:-
m¢= 2, W, = 850 turns, 6, = 2*10’S/m, 2P = 4 poles, f=50Hz, R, = 9cm, Rj= 5Scm,
t.=2 mm (Aluminum), g,= 0.5mm.

Tablel:

The individual parameters of the disc motor corresponding to the models a, b and ¢

The equivalent circuit parameters of the disc motors, corresponding to

Parameters
svian Data Xn(€) X (Q) R(Q)

g(mm) | t(mm) | 6(s) | (@ | () |(c) | (@ | (b) | (c) | () b | ()
0.75 2 2%107 | AAe TYYY [av,e | VA ] y,e [ y,e | oYY, ] YYL,A ] g
0.50 2 2%107 [ V.Y, a [ Yeo [av,o | v, [N,y [,y | oYYL,Y | YYL,A | YALY
0.25 2 2%107 | YYY [ YVY [yv,e [ ¢ [y, Y | LY vy ¥\,Y | YAY
0.50 1.5 12%107 | Y1¢ [eoan|yw,y| v, | v,y | v,¢ oV ov,¢ |11,V
0.50 1 2%107 | Y.V [ AV ]| vo Y Y,o [y, v,y [y, v
0.50 107 | veu [ €a. | vo Yol v,e [ Y,y [ oava [ oavy [ yen
0.50 2 4%107 | oY, ¢ [YYY | ALY | v v ] v | A A q,A

)¢
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5-Conclusions

The three constructions for the disc-rotor IM are proposed and their models are
considered taking into account the two air-gaps and the rotor thickness. The analysis
is considerably simplified by assuming thin rotor with finite surface conductivity
(o'= ot,). Axial and tangential components of the air-gap flux density and radial rotor
current density for the three models (a,b,c) of the disc-motor are distributed. This
analysis enables disc-rotor induction motor characteristics to be obtained with very
simple steps of calculations. A suitable operating condition may be realized for a
motor of single sided stator with an iron backing disc-rotor (model b). The equivalent
circuit individual parameters for each model are obtained directly from the magnetic
vector potential which is readily adaptable to the evaluation of the air-gap impedance.
A comparative study on the effect of the main design data on the disc motor
equivalent circuit parameters are investigated. This method of analysis investigates
the machine parameters with suitable accuracy and with simple calculations of
magnetic flux at each region of the disc-rotor induction motor. Also, this proposed
method has the ability of accurate performance prediction for the disc-rotor induction
motors, which enables the designer to choose the suitable data for the rotor disc.
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