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Abstract:

In this paper a general non-linear psi-angle approach that dose not requires coarse
alignment is presented. In the psi-angle model, the azimuth misalignment angle is assumed
large. The attitude and velocity error models are also presented for strap down inertial
navigation system (SDINS). Three different KALMAN filter algorithms are utilized based on
the SDINS nonlinear error model are used to solve the non-linear data fusion problem. The
proposed works are validated with a set of experimental results of stationary alignment and
in-flight alignment using kinematics trajectory data to estimate all the parameters of inertial
navigation system needed for the alignment and calibration.
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I. Introduction

The alignment of a strap down inertial navigation system (SDINS) determines the
transformation matrix between body frame and navigation frame (local-level frame) [1-8].
The stationary initial alignment, which consists of a coarse alignment and a fine alignment, is
usually performed when a vehicle is at rest. In this case, if low-grade sensors are used for cost
reduction, it is virtually impossible to detect small attitude errors because its accuracy heavy
depends on inertial sensors employed in alignments. For some applications, the coarse
alignment is only performed or the initial attitude is directly obtained from other sources such
as a stored attitude or a master inertial navigation system (INS) in order to reduce the initial
alignment time [8]. In cases mentioned above, the initial attitude errors may be very large.
Large attitude errors do not guarantee the accuracy and reliability of a system after beginning
a navigation mode. Gimbaled INS (GINS) errors propagation models and strap down inertial
navigation units have been subject of significant research during the past few years [1-4].
Two main approaches are used to derive these equations: psi-angle approach and perturbation
approach [2, 4, 7]. The INS alignment and calibration tasks are usually based on these
models.

In the literature, the initial orientation errors are assumed to be small, i.e. less than 5
degrees. The system can then be approximated with linear models due to the small angle
assumption. To satisfy these requirements good quality gyros and external tilt and heading
information has to be used. So far, few works attempted to model large angle errors to be
considered, for example, large heading uncertainty of inertial measurement unit (IMU)
orientation. In [11] and [6] an approximate extended psi-angle model with large heading
misalignment is presented. It uses four states to describe the three-psi-angles. The model
extension is very involved, and to the best of the author knowledge it has not been used in any
practical application. Ref [5], introduced a Kalman filter mechanization for INS air star
system. This approach uses two non-linear states to describe one heading angle. It still
requires coarse ground alignment information within few degrees to estimate the wander
angle. Ref [12] presents an INS error model considering large heading uncertainty and small
tilt misalignment errors using a perturbation approach.

In this paper a general non-linear psi-angle approach is presented that dose not
requires coarse alignment. In this model, the azimuth misalignment angle is assumed large.
The attitude and velocity error models are also presented for strap down inertial navigation
system (SINS). Three different Kalman filter algorithms are utilized based on the SDINS
nonlinear error model and used to solve the non-linear data fusion problem. The presented
model is validated with a set of experimental results of stationary alignment and in-flight
alignment using kinematics trajectory data to estimate all the parameters of inertial navigation
system needed for the alignment and calibration. Finally, the paper terminated with
conclusions.

I1. Non-linear Error Model for SDINS

The main objective of alignment process for a strap down system is to determine the
direction cosine matrix C;, which defines the relationship between the inertial sensor axes

and local geographic frame [5, 8]. The measurements provided by the inertial sensors in body
axes may be resolved into the local geographic frame using the current best estimated of the
body attitude with respect to this frame. The resolved sensor measurements are then
compared with the expected turn rate and accelerations to enable the direction cosine to be
calculated correctly. In other words, SDINS uses mathematical platform rather than physical
one (the mathematical platform is determined by C;). The attitude error equations may be
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determined by disturbance of nominal equation, but for GINS the attitude error equations
could be figured out by using the actual error angles [8].
Let, the misalignment angle y between platform frame (p-frame) and navigation

frame (n-frame) is defined as:
Y= [’//x Yy l//z]T

and W is the skew symmetric matrix of psi-angle. Let the following symbols stand for:
s, =sin(y,);s, =sin(y,);s, =sin(y,); ¢, =cos(y,);c, =cos(y,);c, =cos(y,);
Then, the direction cosine matrix (DCM) from n-frame to p-frame can be defined as [7]:

c,c,—s,8,.8, ¢S, +s8¢c, —scC,

y xYz
P — -
Ch = c,s, c.c, Sy (1)
s,c,+c,8,8, s, -c5C, C.C,

11.1 Velocity Error Model
The SDINS true velocity error in navigation frame is given by [7,8]:

V=0 - (200 + ol )XV +g° @)
Where, f°,Cp are both the specific force in body frame and transformation matrix from body
frame to navigation frame respectively. The SDINS solves the following velocity V/ in the
computational frame:
VE=Cr f0 200 +68 )xVE +g° 3)
Where, C! =C/.
g°,g" are the gravity vectors resolved in the computational frame and navigation
frame respectively. V. is the velocity vector resolved in the c-frame and can be calculated as:
V=V +6V
f° is the estimated specific force in body frame that can be written as:
fo=fb4vt
Where, V" is the specific force error due to accelerometer bias in b-frame, and
QF =Qf +%
Dy = gy + S0,
Subtract Eq. (2) from Eq. (3) yields the SINS velocity error equation:
SV =(C’—1)C £° +C"V° — (200" +50™)

4
xV'=2Q5 + o) )xNV +Q"
The above equation as a function of estimated specific force f° could be written as:
SV =(1-CHCp f°+C) VP - 2 + 5al, )

XV = (20 + @) x oV + 89”7
Let Cpfb=f" C'v°= C,VPand when the attitude error is small then, the

transformation matrix C! can be expresses as:
Cr =1 —[0x] (©)
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When the attitude error is small, as we know from Eq. (6) the small disturbance
equations can be written as follows:

SV =(C" °)x®— (280" + 5o

. (7)
xV" = (2QL + @5 )x NV +Cp VP +&"

11.2 Attitude Error Model
The psi-angle model for small angle errors was presented before in [13]. This paper
presents a new psi- angle model that can be used with large angle errors.

The true transformation matrix Cy can be written as:

o A 1 )
where, [a),'f) x] is the skew symmetric matrix and @, is the computed angular velocity of body
with respect to inertial frame.

The matrix C? is obtained using measured gyro rates @;, provided by the IMU:

Cllf =Cy [d)?b X]_ [d).”n X]Cbp 9)

Where, C! is the transformation matrix from body to platform frame (or written as CE );

n
in>

@, = o) + 0w, where @), 0w, is the true angular velocity and angular velocity error of

navigation frame with respect to inertial frame.
c?)i% contains gyros drift errors &oii that can be large, specially when working with low cost

IMU.
oy = oy, + 0wy,
Let AC=C} -C,, then
AC=C}-Cy=C}-CIC} =(1-C})C} (10)
AC can be derived from Egs. (9, 10):
AC=(1-ct)cr-cier
= Cplon x]-[an xJez-cn ey <)+ (11)
crlon xjencr-crer
AC can also obtained from AC = Ct-C,
AC=CP-C!
= cylag x|-lan s - ceplop +] (12)
—[a)i‘:1 X]CECE
From Egs. (11, 12), we get:
crct[sel x]-cran xJep +cner +[on xjener =0 (13)
Right multiply Cz to the above equation yield:
Cr+CrCyfsel xJct—cn[an x|+ o x]cn =0 (14)
It can be proved that
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[s008, %)= C2ls0l x[ct = ¢ [sep x]c
and; C] [&oi'; x]: [50)1‘; x]CE .
Consequently, Eq. (15) can be simplified as:

Cr+ [owy x|en—crlan x|+ o x|cn =0

Replacing C? = C?|wp, x| and left multiplying C? to Eq. (16):
| x|+ Crlswp x]en-[@n x|+ Crlwn x|cn =0

|GC-5-5 |

(15)

(16)

(17)

we can notice that: CP|w} x|C? =[50 x| and C?[w}! x]C? =|@? x|, then Eq. (17)

changes to:
[a)lfp x]+ [50)5’) x]— [a}ifl x]+ [0)51 x]: 0

(18)

The terms ([a)fp x]+ [5@}% x]— [c?)l‘:, x]+ [a)}; x]) are the sums of skew symmetric matrices

of (a)l'l’p +0w; — @, + ), and then Eq. (18) can be written in the following form:

m
wy, + 00 -0, +wd =0
With o =C’w; and &, =, +dw, then Eq. (19) can be written as:

p _ _.n n p .0 p b _ P n n p b
oy =, +ow,; —-CPw! —Clow, = (I —Cn)a)m +ow, —Clow,

n m

(19)

(20)

The three components of the Euler angle 1// is not orthogonal so that, the relation between 1//

and wp can be written as [8]:

ol =C1 .D ]+
¥

Using Eq. (1) yields:

l//x Cy _l//z Sycx
a)np = l//y+l//z Sx

WX Sy +WZ CyCX

21)

(22)

In alignment, if we consider small 1// and if the horizontal misalignment tilt angles

w,»v, are also small then, the angular velocity of platform with respect to navigation frame

will be as:
v,
@ =Y =Y

V.

(23)
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When the horizontal misalignment angles v, .,y are small as we know from Eq. (23) the
SINS attitude error equation can be written as:
v = ol = (1-Ch o} + 50} - Chowy (24)
Then, Eq. (24) is the general psi-angle error model that can be used for small or large

angle errors for SINS. When the three misalignment angles are small, then the attitude error
model using Euler angle can be simplified to ¥ angle as:

Y =¥x' +o0" - CPow; (25)

11.3 GINS Nonlinear Error Model
If y,,w,and y, are small, then C; =1+V¥.
Loy, v,
Co=l-v, 1 v (26)
v, -y, 1
and Eq. (20) can be converted to small psi-angle error model, which is widely used in many
applications [7]:
y =¥xo! + 60" —Clw (27)
In the case of large misalignment in heading and small misalignment in tilt angles,
large w,and small y,and y angles are resulted. With this assumption C? can be
approximated with [7]:
CZ SZ - Wy
Ch = -s, c, v, (28)
v, ty,s, vs,-y.c, 1
In the most INS alignment, the position error is not considered. So, the error angle
between the computational frame and navigation frame caused by position error is equal zero.

It means that, computational frame is aligned with navigation frame. So, the projection error
of Qf, g is equal zero. i.e.,

XL =0, Q" =0
Then, the platform velocity and attitude error equations model with large misalignment in Eq.
(4,24) can be written as:

SV =(CP = 1)C2 2 +CIV° =0l xV," —(2Q" + " )x oV (29)

v = ol = (1-Cl o), +6w], - Choo), (30)
Where, 0w, is the angular velocity error of navigation frame with respect to earth frame and
it can be written as [9]:

0 -1/(Ry +h) 0] oV,
ow, =| 1/(Ry +h) 0 0oV, 31
tang /(R +h) 0 01 oV,

Where ¢ is the local geographic latitude angle, R,,,R, is the curvature of the earth radius.
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I11. Stationary Base Alignment Mode

In the stationary alignment we usually suppose that the position is known and fixed.
So, the values of velocity vector V," and angular velocity vector @] equal zero, then

equations (29) and (30) can be written as:
SV =(C? = 1)C! 2 +CV° = 5wl xV," —2Q" x &V (31)
v ~ ol = (1-Ch 0l + 6w - Clow, (32)
Where @), = w,, +Q,.

The value of angular velocity of the earth and the specific forces in navigation frame
can be written as:

Qr =[0 Qcosg Qsing| (33)

fr=f0 0 ¢f (34)

Substituting equations (33, 34) into equations (31, 32) then the platform error model
on the stationary base can be written as:

SV = -y g +2QsingV, + V!

(35)
oVy =y,g-2QsingdV, +V?
v, =—siny,Qcosg+y Qsing -V, (R, +h)+¢&}
v, =(-cosy,)Qcosp—y,Qsing+V, (R, +h)+e&’ (36)

g&z =(y, cosy, —y siny,)Qcosg+V, tang /(R +h) + &

IV. In-Flight Alignment Mode

In-flight alignment, we usually get the INS wvelocity error equation from the
acceleration measurement f ° then, from Eq. (5) we get:

SV =(1-CHCL " +CpV° - (282, +5a),)

xV"-(2Q. + @) )xN +Q"

The error model in-flight augmented with sensor errors can be written as:

[x] ] {A(t) o }{x } +{q(x,t)} .

X> Og  Opus | X2 06,

A local level ENU (East-North-Up) frame is used as the navigation frame, vertical channel
included. The state vectors consists of:

X, =0V, oV, &, v, v, vl

X, = [VX vV, V, & & gf]
The linear part coefficient matrix A(t)is the system dynamic matrix defined as [9], while the

(38)

nonlinear part q(x,t) can be computed as:
(1-C")f®
X, t) = P 39
Aeey {(l—cﬁ)wiﬂ 7

System Jacobian matrix can be computed as:
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of (x,t) aq(x,t)
T AO= (40)

V. Filtering Mechanization

In this section we simulate SINS large azimuth misalignment angle on both the
stationary base and in-flight alignment by using nonlinear discretization, extended KALMAN
filter and iterative filtering.

V.1 Nonlinear discretization

To be convenient, we write the nonlinear system states equation as:

X(t) = f(X,t)+w(t) (41)
Where f(x,t)is the nonlinear function, w('t)is the process noise. The variant matrix:

Q) =E[w(t)w' (1)]

Let At is the sampling time, and the solution of the scalar differential equation using
Taylor expansion of X(t + At):

ot (x) o f[x(t)]% o 42)

Let X, =X(t), X,,, = X(t+At), ignore 2™ order derivative term, the discretization

X(t+ At) = x(t) + f[x(H)]At +

equation can be written as:
(at)’

X, =X, + f(x )At+D(x, )f(x, )T +W, (43)
Where
of (x,t)
D(x, )= 2"/
(Xk ) OX X=Xy
w, is the discretization process noise, and variant matrix Q, = E[wkwl ]
Q. =Qlt)at (44)

We use the two horizontal velocity error measurements, and then the measurement equation
can be written as:

z, =H. X +V, (45)
Where v, is the measurement noise. Measurement matrix can be written as:
H= [szz 02><8] (46)

V.2 Extended KALMAN Filter (EKF)

To use extended KALMAN Filter we must linearize the nonlinear equation because
the measurement equation is linear [8,13]. So, we only need linearized system equation. Let
Eq. (43) can be rewritten as:

Xy = F[Xk’k]+wk (47)
Where )

F[xk,k]: x; -I-f(Xk )At-I-D(Xk) xk)A% (48)

Let At is small, the transition matrix with one step can be written as:

oF|x (k). K]
2

Ofk+1,k)= w=Hh IR k’I+}-""[*'%(1"4[1<1m (49)
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So, the extended Kalman Filter can be programmed as:

'%mm( = '%m +-f['%k/k]At+ D["}k/k]-f‘[‘%kfk]Atg /2

xk+1/k+1 =Xk +Kk+1 [Zk+1 _H.fc+1 xk+1/k]

P(k+ Uk)=D(k + 1,k)P(kk)D"(k + 1,k) + ©,

1
K., :P:(+1/:(H:(T+1[H P H +R

EH T kAR R+ R+

T
Pk+1fk+1 = [I_ Kk+1Hk+1 ]Pk+11’k [I_ K.k+1H.k+1]
T
Ky Ry Ky

V.3 Iterative filtering (IKF)

A _ ~ T _1 -~ _ A

Xy = Xy T Py Py P [xk+1fk+1 ka+1]
=y + Py O HI B, P HT, <R[
= Xy T P A [ gy Do e TR
[Zk+1_H.fc+1xk+1J’k]

The transition matrix with one step can be written as:

oF[x k). k] s
a‘f w=%(kI+1)

= I + D[F(k/k + 1]At

Dk +1.k)=

V1. Simulation Results

A simulation program is carried out to validate the alignment accuracy associated with
the error models. The following parameters are considered in the comparison study; the initial
attitude angles are chosen equal zero; the constant and random biases of each accelerometer
are chosen as 1004g and 549 respectively, and the constant and random drifts of each gyro

are chosen as 0.02°/hand 0.01°/h respectively. The measuring error of velocity is
0.1 m/s and the system measured noise oy, =.01m/s. The local latitude of SINS place is 30°.

The sampling time is chosen to be 50msec. In the following two case studies are
demonstrated, the stationary alignment simulation and in-flight alignment simulation.
Stationary alignment simulation

The initial pitch and roll angle errors chosen as 1°, yaw error equal 20°, we used
nonlinear error equation and small disturbance equation separately, alignment time equal
300 sec . We used nonlinear model and EKF, then the estimated error of the horizontal error
angle and azimuth error angle are shown in Fig (1), and Fig (2) showing the estimated
accelerometer biases and gyro drift. Table (1) shows the effect of the variation of initial large
azimuth misalignment angle on the static attitude error by using the EKF, IKF, and linearized
Kalman filter (LKF).

Table (1)
Initial Est. EEF IKEF LEF
A mirmuath Error
[dez] angle
[sec]
10 AQV -254.2412 -2, 09282 215.1588
MG -z21.z2108 -21.330= -=Z55. 0105
Mo 157242 157585 150.811&
1= Ay, 2237322 2107751 14207
=] 23 0430 23 1915 —E54. 900
P 14 . &770 14 6692 138 300
20 AW -121.1877 -17&.0421 2651.5
=] 247919 24 5570 559 700
a7 12 2539 1z 1229 &6 a0

Table (1)



Fig (1) Estimated Attitude error angles Fig (2) Estimated sensor bias and drift

In-flight alignment Simulation

From the From the trajectory data, under the assumption firstly, the missile flight is
linear and secondly, with horizontal level maneuver with max heading variation chosen as
30°. The missile constant velocity 400m/s, flight direction angle chosen as 60°, and the local
latitude of SINS place is 30°. The initial pitch, roll angle errors chosen as 1°, and heading
error chosen as 10°. The total time of alignment equal 600sec. We used nonlinear error
equation and small disturbance equation for in-flight alignment. Table (2) shown the static
values of attitude error angles by using the different model of Kalman filters (EKF, IKF and
LKF) in the case of linear flight and with turn maneuver.
Fig (3) shows the estimated errors of the horizontal error angle and azimuth error angle in the
case of linear flight path. Fig (4) shows the estimated errors of the horizontal error angle and
azimuth error angle in the turn maneuver. Fig (5,6,7) and Fig (8,9,10) shows the static values
of attitude error angles in the linear flight and with level maneuver using EKF respectively.

In-flight Attitud | EKF jing LEF
Cases e error

[sec]

Ay C185319 | 1405052 | 374 336
Linear AG -22.8078 | -23.8795 | -52.2318
Flight A 152366 | 150140 | 230385

Ay 00633 | -0.6133 Z164.6
Turn AG 01736 | -0.2888 501400
Maneuver > 00040 | -0.1224 241700

Table (2) Static Attitude Error Angle

)

5

ay (g
T e ¢ w3

Fig (4) Estimated horizontal & azimuth error angle

with turn maneuver
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Fig (5) Estimated Attitude angle with linear flight Fig (6) Estimated Attitude angle with turn maneuver

Conclusion

This paper presents a general nonlinear psi angles model that dose not require coarse
alignment. In this model, the azimuth misalignment angle is assumed large. The velocity error
model is also presented. In this paper SINS error model is presented, which can be used to
design an alignment filter. Three different Kalman filter are designed based on the SINS
nonlinear error model. The model presented was validated with a set of experimental results
of stationary alignment and In-flight alignment using kinematics trajectory data to estimate all
the parameters of inertial navigation system needed for the alignment and calibration. These
results are helpful in design of stationary alignment process to improve the performance of
the INS alignment during In-flight mode.
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